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Axisymmetric Vacuum Fields in General Projective
Relativity

T. Singh' and G. P. Singh'

Received February 1, 1989

A method has been derived which enables one to obtain solutions to the
stationary, axially symmetric vacuum fields in general projective relativity
developed by Arcidiacono from known solutions of the vacuum field in Einstein’s
theory. The analogue of the Kerr solution in general projective relativity has
been obtained as an example. Finally, a relation between the stationary and
static axially symmetric vacuum fields in general projective relativity has been
derived.

1. INTRODUCTION

Recently Arcidiacono (1984, 1986, 1987) has developed a general
projective relativity (GPR) based on the DeSitter Universe with the local
curvature described by the generalized Einstein equations

RAB_%‘YABR:XTABH (A’B:()y 1:25 3’ 4) (11)
where y,4p is the 5-dimensional metric and T,z is the energy tensor of the
material fields (Arcidiacono, 1986). From the field equations (1.1), a good
number of alternative theories of gravitation and unified field theories can
be obtained. In particular, the field equations for a scalar-tensor gravitational
field have been obtained which have a formal similarity with the Brans-
Dicke scalar-tensor theory (Brans and Dicke, 1961; Singh and Rai, 1983;
Singh and Singh, 1987).

The field equations of GPR (Arcidiacono, 1986) can be written as

Ru=3aiR+(3n+1)¢™' (V.Y — 0,01 )

=3n¢ 7 [(n+1)(Vi$)(Vidp) + nay (Vi) (V,$)a"]
=x¢ Ty (1.2)
R+6n[¢7'To+(n-1)p(Vip)(Vip)a"]=-2x¢* Ty (1.3)
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It has been shown by Arcidiacono (1984, 1986) that given a solution of the
GPR field equations for n =0, one can obtain a solution of GPR field
equations with n # 0 by the transformations

Yik = ¢2"aik; Yio=0 (1.4)
Yoo = ™" |
and
Ty > ({bvznTik; Too"‘ﬁ_'znToo (1.5)
T->¢ 2T

The quantities with a caret refer to their four-dimensional components; i,
k take the values 1, 2, 3, 4; ay is the metric tensor of the four-dimensional
space-time. R=a' R,k, where R;. is the Ricci tensor constructed from the
tensor a;. For the vacuum case T, ;=0 (A, B=0,1,2,3,4) and if we
consider n =0, the field equations (1.2) and (1.3) reduce to

A 1
Rik+g ¢;ik=0 (1.6)

O =0 )

Here a semicolon denotes covariant derivative in four-dimensional
space-time. The field equations (1.2), (1.3) and (1.6), (1.7) have a formal
similarity with the Brans-Dicke theory (Brans and Dicke, 1961; Singh and
Rai, 1983; Singh and Singh, 1987).

In an earlier paper Arcidiacono and Singh (submitted) have shown
that a Birkhoff-type theorem of general relativity is true in GPR also under
the assumption that the scalar field is independent of time t.

In this paper we consider the vacuum field equations of GPR in the
form (1.6) and (1.7) and derive a method which enables one to obtain
solutions to the stationary, axially symmetric vacuum GPR (with n=0)
starting from vacuum solutions to the Einstein theory. Further use of the
transformation (1.4) gives a family of vacuum solutions of GPR for arbitrary
n. We assume that the tensor field a; and the scalar field ¢ are functions
of the space coordinates x' and x” only.

The method has been applied to Kerr solutions (Kerr, 1963; Boyer and
Lindquist, 1967) and the GPR analogues of Kerr solutions have been
obtained. The solutions are relevant to the study of black holes in general
projective relativity. Finally, a relation between stationary and static axially
symmetric solutions of GPR is derived.
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2. FIELD EQUATIONS

We consider a stationary, axially symmetric space-time whose metric
is of the form

ds?= eV (dt+Q dgp)’ — e** *V[(dx")’+ (dx*)]—h*e Y (do)* (2.1)

where U, Q, K, and h are functions of x' and x* only.
For the metric (2.1) the surviving equations from the GPR field
equations (with #n =0), namely (1.6) and (1.7), are

2K h, 2K2h2+ e*?

AVI-UD+—— h N W(Qf—ﬂg)

1
+ﬁ (h22_h11)+(p22—p1])+(p§_p%)

+2p (K, = Uy) =2p, (K~ Up) =0 (2.2)
Kby Kih, Q.Q.e*Y h
2 U= B S T
+pip— (K=~ Uy) = po( Ky — Up) =0 (2.3)

1
Q4+ Qo == (1A + Quhy) AU, + UnQy) +(Qypi +Q5p2) =0 (2.4)
h

U, + U22+ (Uh,+ Ush 2)+ (QZ+Q ye*V+ Upp+ Usp, =0 (2.5)
h11+hzz+h1P1+h2P220 (2.6)

1
pn+pzz+pf+p§+;(h1p1+thz)=0 (2.7)

where e” = ¢ and subscripts 1 and 2 denote partial differentiation with
respect to x' and x’, respectively.

3. SOLUTIONS OF THE AXISYMMETRIC STATIONARY
EINSTEIN VACUUM FIELDS

Let us consider the Einstein vacuum field equations corresponding to
the metric

ds?=e*V(dt+Q dgp ) — > 2V[(dx")*+ (dx*)’1H?e *V (d$)* (3.1)
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where () and K are the same as those given in (2.1) and H and V are
functions of x' and x?; the set of field equations from the Einstein vacuum
field equations R;; =0 corresponding to the metric (3.1} are

2K, H, 2K,H, e*
T z)+ (Hp=Hy,)=0 (32)

2AVi-Vh+

H H
K,H, KH, eV H,,
- - - Qy+—=2 :
2V, V, H I, 2HZQ 2t g =0 (3.3)
1
Q“Jrﬂzz—z (Q,H, + Q. Hy) +4(V,Q,+ Va2,) =0 (3.4)
4U
Vi + V22+ (V,H,+ V2H2)+ 7 (Q3+03)=0 (3.5)
H11+H22:0 (3-6)
From (2.6) and (2.7), it can be found that
(he”)) +(he®),,=0 (3.7)
Equations (3.6) and (3.7) suggest the relation
H=he’ (3.8)

In view of (3.8) and the substitution
V= U+%p
the set of equations (3.2)-(3.6) reduces to

2K, h, 2K:h, e

AU-UD+—— n P +’2*}7(Qf—95)

i :
+;l'(hzz_hn)"’(Pzz*Pn)'i’%(Pg‘pT)

2
+2pi (K — Up) —2p,(K,— Uz)—z(hlpx—thz)=0 (3.9)
K,hy Kh e*Y hy,
2U1U2~—';l—]"*'“h_‘2"2hzﬂ Q,+—= h +P17+2P1P2
1
— (K= Uy)p, — (K, — U1)P2+Z(h1pl+thz)=0 (3.10)

1
Qi+ Qs ——};(thl +Qyhy) +4(Q U +Q,Uy) + (& py + Qap2) =0 (3.11)
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4U

1 e
U11+ Uzz'*’ﬁ (U1h1+ Uzhz)'*‘é?(ﬂf‘*"ﬂg)

1 1
+§ [Pu'*‘]’zz"’l’f‘*‘l’%"'z (h1P1+th2):l

+(Uip1+ Uypy) =0 (3.12)
hiy+ hyy+2(hypy+ hopy) + h(pyy +P22+P%+P§) =0 (3.13)

On comparing equations (3.9)-(3.12) with (2.4)-(2.7), we observe that they
are equivalent if the following relations hold:

4
P%‘P%: ‘Z(thz“hlpx) (3.14)
. 1
§P1P2+Z(h11’1+h2p2)=0 (3.15)
1
P11+P22+P%+P§+;(h1P1+h2P2):0 (3.16)

Equation (3.13) together with (3.16) is equivalent to the set of equations
(2.6) and (2.7). Hence the set of equations (3.9)-(3.13) along with (3.16) is
equivalent to the set of equations (2.2)-(2.7) provided the conditions (3.14)
and (3.15) are satisfied. Therefore, in GPR, vacuum axisymmetric stationary
solutions are obtainable from the FEinstein vacuum axisymmetric stationary
solutions when the relations (3.14) and (3.15) are satisfied.

Now equations (3.14) and (3.15) give the relation between p and h as

p=—4logh
Thus, finally p and h are known in terms of H. Hence we have established

the result.

Theorem 1. Given any Einstein vacuum axisymmetric stationary solu-
tion (Ug, Qg, K¢, Hg), one can generate a corresponding GPR (with n =0)
vacuum axisymmetric stationary solution (Ugpr, Qopr, Kerr, Horr, @),
where

Ugpr = UE—%IOg ¢

Qgpr =0
Koer=Kg (3.17)
Hgpr= HE1/3

o=HY"

Hence we have the result for GPR vacuum fields with n #0.
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Theorem 2. For every vacuum solution of GPR with n=0 given by
(3.17) we have a corresponding family of vacuum solutions of GPR with
n #0 given by

Yik = d)znaika Yio=0

(3.18)
YO0:¢2(H+1)5 i,k=1,2, 3’4

where a; is the four-dimensional metric tensor given by (2.1).

4. ANALOGUE OF KERR SOLUTION IN GENERAL
PROJECTIVE RELATIVITY

The Kerr metric is given by (Kerr, 1963; Boyer and Lindquist, 1967)

dr?

ds*= —(r’+a? cos?6 <——————
( ) P =2mr+a>

+ d02) —(r’+ a?) sin’6 do’
2mr

+df -
r*+a? cos?0

(dt+asin®0do)? (4.1)

If we use a coordinate transformation similar to the one used by Mishra
and Pandey (1972), we can write the metric (4.1) in the form
e L’+a’cos® 6 —2mL
S =

L*+a’cos’ 0

dr*—(L’+a’ cos’8)[(dx')* + (dx*)?]

2mLa’ sin“ﬁ} de?

— | (L4 a?)sin’0+—5——5——
[( @) sin L*+a® cos*6

4mLa sin’0

— ——e——— dt d .
L*+a? cos®o ¢ (4.2)

where
L=eRf+m+[(m*—a?)/4]e ?
and coordinates r and R are related through

2 2
m —a

4R

r=R+m+
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In view of Theorem 1, the GPR vacuum solution (for n =0) for the metric

(4.2) is given by

_ L’+a’cos’0—2mL
L*+a’cos® 0

2mLa sin®@ 2
g e
L“+a cos"0—2mL

ds?

(L*+a>-2mL)"*?sin™*?¢

—(L*+a*—2mL)*? sin*?0 (L*+ a® cos?0)(d6*+ dR?)
(L*+a® cos’¢)

—(L*+a*~2mL)"?sin*?6
( mL)"" sin L*+a?cos®0 - 2mL

d¢? (4.3)

with
¢ =(L*+a*—2mL)*"sin*7¢ (4.4)

Hence the stationary axially symmetric vacuum solution of GPR (with
n # Q) can be directly written by applying Theorem 2 to (4.3) with ¢ given
by (4.4). (We have omitted the explicit expressions for the sake of brevity.)

5. STATIONARY AXISYMMETRIC GPR SOLUTIONS FROM
STATIC AXISYMMETRIC GPR FIELDS

In this section we show that in GPR (with n =0) the set of equations
(2.2)-(2.7) can be reduced to the set of vacuum axisymmetric static field
equations ~

We consider an auxiliary function L given by

e ?Y = ref cosh 2L (5.1)
and define relations between Q and L as
Ql = —zAhepL_z
_ (5.2)
Qz = 2AhepL1

where A is any arbitrary constant. With the help of (5.1) and (5.2), equation
(2.4) is identically satisfied and equations (2.2), (2.3), and (2.5) reduce to

2X,h, 2Xoh, 1

2([?%—[_,%)-#—-}1—— h 'f‘;(hzz"hn)‘*’(Pzz_Pn)

+2(X1_L—1)P1_Z(Xz“ljz)Pz'i'(P%—P%):O (5.3)
2£, L, Kb i b - e Eo
1Ly———— piP2tpi— (X, —L)p,—(Xo—Ly)py=0 (5.4)

h h h
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and
— _ 1 - - _ _
L11+L22+Z(L1h1+Lzhz)+(L1P2+ Lyp,)=0 (5.5)

respectively, where

L_1+%P1
X, =K+————
1 1 p1+h1/hp1
[t (5.6)
X, = K+ 222
? ’ p.t hz/hp2
when the scalar ¢ = e’ satisfies
brhy = ¢1h2 (5.7)

If (5.7) holds, the integrability conditions for equation (5.6) require
that the scalar ¢ satisfies

1:1(152:52?51 (5-8)

Until now equations (2.6) and (2.7) have been unaffected. Hence with (5.7)
and (5.8) satisfied, equations (5.3)-(5.6) along with (2.6) and (2.7) now
constitute the set of GPR vacuum axisymmetric static field equations corre-
sponding to the metric

ds® = N (dt)’ — X P (dx' Y+ (dx’)] - RPe N (dg)?  (5.9)
Hence we have the following result in GPR.

Theorem 3. Given any axisymmetric, static GPR (with n =0) vacuum
solution (L, X, h, ¢) with the scalar ¢ satisfying (5.7) and (5.8), one can
obtain the axisymmetric, stationary GPR (with n=0) solution
(U, Q, K, h, ¢) with the same scalar field ¢. The functions U, ), and K in
GPR are determined, respectively, from equations (5.1), (5.2), and (5.6).

Now applying the conformal transformation

Yik = d’znaik, Yio=0
(5.10)
700=¢2(n+1): iak::lazs 334

one can obtain the corresponding solutions of GPR field equations with
n#0.

6. CONCLUSION

The immediate utility of the theorems proved in this paper is that
starting from any stationary, axially symmetric solution of Einstein’s vacuum
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equations it is possible to generate solutions to the vacuum equations of
general projective relativity with n=0 and then, through a conformal
transformation, for generai projective relativity with n # 0. Application of
Theorems 1 and 2 to the Tomimatsu-Sato solutions (Tomimatsu and Sato,
1972, 1973) results in a class of solutions of general projective relativity
with parameters describing mass m, rotation a, deformation §, and scalar
field ¢. Further, it is expected that the solutions obtained in this paper may
be relevant to the study of black holes in general projective relativity.
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